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Abstract 
Kharaghani, H., A construction for Hadamard matrices, Discrete Mathematics 120 (1993) 115-120. 
Let 2% be the order of an Hadamard matrix. Using block Golay sequences, a class of Hadamard 
matrices of order (r + 4” + 1)4”+ 1 m2 is constructed, where r is the length of a Golay sequence. 
A matrix H of order it with entries in { 1, - l> and distinct rows orthogonal is called 
an Hadamard matrix. For the matrices A = [aij], B, the Kronecker product of A, B, 
denoted A x B, is the matrix [UijB]. Let A = (aI, a2, . . . , a,} be a sequence of commut- 
ing variables of length n. The nonperiodic auto-correlation function of the sequence 
A is defined by 
i 
n-j 
C UiUi+j j=l,2,...,n-l, 
NA(j)= i=l 
Two sequences A={ul,a,, . . ..a.}, B={bl,b2, . . ..b.} are called Golay sequences of 
length n if all the entries are ‘r 1 and N,(j)+ NB(j)=O for all j>, 1. Golay sequences 
exist for orders 2U10b26C, a b, c, nonnegative integers. See Turyn [S] and [l] for details. 
Turyn [8] used Golay sequences to construct Hadamard matrices of order 4(1+ r), 
where I is the length of a Golay sequence. Koukouvinos and Kounias [7] used Golay 
sequences to construct Hadamard matrices of order rl frz where r1 and r2 are the 
lengths of Golay sequences. The author introduced block Golay sequences in [IS] and 
used them to construct Hadamard matrices of order (r + 4”+ 1)4”+ 1 for each positive 
integer n, where r is the length of a Golay sequence. 
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Wallis [9] demonstrated that for a given integer q, there exists an Hadamard matrix 
2”q for every s B [2 log,(q - 3)]. 
In this paper by using block Golay sequences, we construct a class of Hadamard 
matrices of order (r + 4” + 1)4”+ ’ m2, where 2”m is the order of an Hadamard matrix 
and r is the length of a Golay sequence. This extends our earlier result, provides many 
new regular complex Hadamard matrices and Hadamard matrices of new order. We 
begin with our definition of block Golay sequences. 
TWO sequences A={Ar,A,, . . . . A,}, B={BI,BZ, . . . . B,}, where Ai and Bis are 
commuting symmetric (1, - 1)-matrices of order m, are called block Golay sequences 
of length n and block size m if 
(i) i (Af+B2)=2nml, 
i=l 
i 
n-j n-j 
1 AiAi+j+ C BiBi+j=O for j=l,2 ,,..., n-l, 
(ii) NA(j)+NB(j)= i=l i=l 
1 0 for j>n. 
Let AI, A2 be two symmetric matrices of the same order. Let 
In general, for symmetric matrices A 1, AZ, . . . . A,, all of the same order, let 
We call such matrices L-matrices. L-matrices are symmetric and if the entries of two 
L-matrices commute, then the L-matrices commute. 
We need the following two lemmas. 
Lemma 1. For each positive integer k, there are 2k (I, - I), L-matrices, say, 
kDl,kDzr . . ..kD 2k, all of order 2k such that 
(i) kDl kD,,,=O, lfm, 
(ii) I;= 1 $2 =22k 12’( 
Proof. For k = 1, let 
Assuming the existence of k _ 1 Di, 1 < i < 2k- I, satisfying (i), (ii), let 
k-1Di=L2(k-1Di,k-1Di), kDi+2k-lEL2(k-1Di, -k-IDi) 
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for i=l,2,..., 2k-1. Using induction hypothesis it is easy to show that kDis satisfy (i), 
(ii). By induction, the construction is complete. 0 
For simplicity we will drop the left indices when we apply this lemma. 
Lemma 2 (Kharaghani [4]). Let n be the order of an Hadamard matrix. Then there are 
n symmetric (1, - l)-matrices, say, C1, Cz, . . , C, of order n such that: 
(i) CrC,=O ifl#m, 
(ii) Cl=, CZ=n21,. 
For simplicity let (A 1, AZ, . . . , A,) denote the back circulant matrix with first row 
(A1,AZ,...,&). e.g. 
Theorem 3. Let 2”m be the order of an Hadamard matrix. Then there are 4” symmetric 
(1, - 1)-matrices, F1, F2, . . , F,, and a symmetric Hadamard matrix H, all oforder 4”m2 
such that: 
(i) FtF,=O, l#m 
(ii) C:I 1 Fz =42”m214n,2 
(iii) {H, F1, F2, . . . . F4”} is a commuting family of matrices. 
Proof. Let CI,C2, . . . . Cznrn be the matrices of Lemma 2. Let Hi=(Cci-r)m+r, 
c(i-l)m+2, ...9 Cim), i= 1,2, . . . . 2” be 2” (symmetric) (1, - 1) back circulant matrices (of 
order 2”m’). Then 
(*) HtH,=O for l#m and 
(M) C,t=“, H~=4”m212~,,,2 
by Lemma 2. 
Let Di,i=1,2 ))..., 2” be the matrices of Lemma 1. Let Fi+2n(j_r,=DiX Hj, 
1 <i<2”, l,<j<2”. Then Fi s are (1, - 1)-matrices of order 4”m2. 
Furthermore, 
Fi+zncj- I)= (Di X Hj)‘=Df X Hf=Di X Hj=Fi+2”(j_l) 
by Lemmas 1, 2. Let lfm, then F,F,=(DixHj)(Di,xHi,) for some i#i’ or j#j’. 
Thus, F,F,=DiDi, x HjHj,=O, by Lemmas 1, 2. 
i F:= g z (Di x Hj)2 = 5 02 x g Hf =4”12. x 4”m21Znm2 
i=l j=l i=l i=l i=l 
=42nm21 
4”rn2, by Lemma 1, and (* *). 
It remains to construct the Hadamard matrix H. Let H= L2”(HlrH2, . . ..H2”). It is 
easy to see that H is a symmetric Hadamard matrix of order 4”m’. Now FiS and H are 
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L-matrices with commuting block entries by (*) and thus {H, F1, . . . . F4”} is a com- 
muting family of matrices. 0 
Example 4. Let n= 2 and m = 3 in Theorem 3 and note that there is an Hadamard 
matrix of order 12, then 
&=&((I 1) (1 I))= 
D2=Lz 
+- ( );( -+ =
++++ 
++++ 
++++ 
++++ 
+-+- 
-+-+ 
+-+-’ 
-+-+ I 
h=Lz (( 1 I),-( 1 I))= 
/+ + - -\ 
++-- 
-- ++’ 
-- ++ i 
/+ - - +\ 
-++- 
-++-’ 
,+ - - + i 
DiXHl, i=l,2,3,4, 
i=5,6,7,8, 
Fi = I Dix Hz, DixH3, i = 9,10,11,12, Di X Ha, i= 13,14,15,16, 
HI Hz H3 H4 
LzWI,HZ) Lz(H3>H4) 
)! 
H2 Ht H4 H3 
= LzW3,H4) -b(H~rHz) = H3 H4 HI Hz 
H4 H3 Hz HI 
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Remark. Note that in the previous example we let 12=223. If we let 12=2.6, then 
Theorem 3 provides the following matrices: 
&=(I I), D2=(’ +)> 
H1=(C1,C2,C3,C4,C5rCs), H2=(C7,CS,C9,C10,C11,C12), 
F1=D,xHZ= 
’ 
F,=D,xH,=(_~;~ ;;I), 
F3=D1xH2= 
’ 
F2=D2 x H2=(_H;2 ;t2), 
ff=Lz(H~,Hd= . 
As a first application, we will construct a huge number of block Golay sequences. 
Theorem 5. Let 2”m be the order of an Hadamard matrix, then there is a block Golay 
sequence of length 4” + 1 and block size 4”m2. 
Proof. Let H,Fl. F,, . . . . F4” be the matrices of Theorem 3. Let A = { A, =H, 
A2=Fl, . . ..A 4,,+l=F4,,}, B={Bl=-H, B2=F1,...,BLn+1=F4n}. Then NA(j)+ 
Ns(j)= HFj--HFj=O. The rest follows from (i), (ii), and (iii) of Theorem 3. 0 
Example 6. For n = 2 and m = 3, we get from Example 4 the following block Golay 
sequence of length 17 and block size 122. 
Theorem 7. Let 2”m be the order of an Hadamard matrix. Then there are Hadamard 
matrices of order (r+4”+ 1)4”+‘m2, where r is the length of a Golay sequence. 
Proof. Let E, G be Golay sequences of length r. Let H be the Hadamard matrix of 
Theorem 3. Let C= E x H and D = G x H. Then C, D is a block Golay sequence of 
length r and block size 4nm2. Let A, B be the block Golay sequences of Theorem 5 and 
let X=(A,C), Y=(A,-CC), Z=(B,D), U=(B, -D). Then (N,+Ny+Nz+NU)(j)= 
2( iVA + iVB + NC + N,)(j) = 0 for each integer j >, 1. 
Now let X’, Y’, Z’, U’ be the block circulant matrices whose first rows are X, Y, Z, U 
respectively. It is easy to see that X’X”+ y’y”+Z’Z”+ u:u”= 
(r+4”+1)4”+‘m2Z4~m 2and thus these matrices can be used in a Goethals and Seidel 
[3] array to construct Hadamard matrices of order (r+4”+ 1)4”+‘m2. 0 
Corollary 8 (Kharaghani [S]). For each positive integer n there is a class of Hadamard 
matrices of order (r + 4” + 1)4”+ ‘, where r is the length of a Golay sequence. 
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Proof. Let m= 1 in Theorem 7. 0 
Remark. Let n = 2 in Corollary 8, then the corollary provides Hadamard matrices of 
order 64(2a10b26c + 17), a, b, c nonnegative integers. This is a large class of Hadamard 
matrices which includes many new orders. This shows the power of Theorem 7. 
Corollary 9. Let 2”m be the order of an Hadamard matrix. Then there is a complex 
Hadamard matrix of order (4”+ 1)4”m2 with sum of each row 4”m+2”mi. 
Proof. Let A, B be the block circulant matrices constructed from the Golay sequences 
of Theorem 5. Let R be the back identity matrix. Let C =i(A + BR) + +(A - BR). Then 
C is a complex Hadamard matrix. The sum of each row of C is 4”m+2”mi. q 
Hadamard matrices with constant row sums are called regular in [6]. Corollary 9 
provides a large class of regular complex Hadamard matrices. 
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